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Mechanical systems comprising moving elastic continua can be
found in numerous engineering ﬁelds. Due to this prevalence, the
examination of moving continua has a long tradition and produced
a large amount of publications, mostly on axially moving slender
structures like strings or beams (e.g., Wauer, 1976; Riemer, 1985;
Zwiers, 2007; Wickert and Mote, 1988, 1990; Miranker, 1960). Fre-
quently, these problems exhibit moving structures that are sub-
jected to spatially ﬁxed boundary conditions: since the boundary
conditions do not apply to ﬁxed material particles, they are re-
ferred to as non-material boundary conditions. Typically, spatial
formulations are chosen, which lead to descriptions with non-
moving boundaries that must account for an Eulerian description,
which is not typical for rigid body mechanics. However, the iden-
tiﬁcation of appropriate modeling approaches for the topic is an is-
sue of current research (e.g., Zwiers, 2007). Typical effects in axially
moving slender continua are related to the inﬂuence of the trans-
port velocity on dynamic stability as well as on wave propagation
velocity and eigenfrequencies. Comprehensive literature reviews
can be found in Zwiers (2007), Abrate (1992) and Wickert and
Mote (1988).
Moreover, many technical problems are encountered in the
study of contacts of moving elastic bodies. Here as well, it is often
advantageous to choose a description within a spatially frame,ll rights reserved.since the contacts are either spatially ﬁxed (e.g., in vehicle brakes)
or move with a prescribed velocity (e.g., rolling tires). Within the
topic of moving continua with contacts, the ﬁeld of vibrations in-
duced by sliding friction contacts has attracted a lot of attention.
Applications reach from vibrations of axially moving slender struc-
tures with frictional guides (Cheng and Perkins, 1991; Zen and
Müftü, 2006; Spelsberg-Korspeter et al., 2008 for instance), like
band saws (e.g., Ulsoy and Mote, 1978) or magnetic tapes (e.g.,
Wickert, 1993), to elastic rotor systems (e.g., Muszynska, 1989),
drilling systems (Mihajlovic et al., 2006) and squeal noise of bear-
ings, clutches (Wickramarachi et al., 2005; Hervé and Sinou, 2008),
circular saws (Mote and Szymani, 1977) and disc-brakes (cf. e.g.,
Kinkaid et al., 2003; Wallaschek et al., 1999).
For instance, a survey of the current state of research on brake
squeal reveals that identiﬁcation of an appropriate modeling
scheme and adequate stability analysis are still under debate. Here,
for example, the basic mechanism of vibration generation is com-
monly accepted and is widely used in industrial applications using
FE-codes (e.g., Moser and Storck, 2004; Nack, 2000; Ouyang et al.,
2005; Karlsson & Sorenson Hibbitt, 2000). However, only recent
investigations revealed further inﬂuences of the friction on the sys-
tem’s damping, which signiﬁcantly affect the stability (Storck and
Moser (2004) for instance) and subsequently had to be incorpo-
rated into commercial FE-Codes (e.g., the command *friction-
damping in ABAQUS). Furthermore, it is known that gyroscopic
contributions due to the transport motion may strongly inﬂuence
the stability of the steady state if ﬂutter-type instabilities occur.
Thus, it is necessary to choose appropriate software that is able
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allows for complex eigenvalue analyses of gyroscopic systems. For
recent work on the topic, please refer to Hochlenert (2006),
Spelsberg-Korspeter (2007) or Hetzler (2008).
This example emphasized the need for general investigations
concerning the structure of contact inﬂuences on elastic structures.
Hence, within this contribution the terms arising from transport
motion and frictional contact for moving continua shall be exam-
ined in general. Since the focus is on stability assessments, the
equations are linearized about a stationary solution, whereas spa-
tially stationary contact zones are assumed. Furthermore, with
particular regard to discretization methods, the symmetry proper-
ties of the resulting differential operators with respect to spatial
ﬁeld variables are discussed.
Assuming Coulomb friction, the tangential contact tractions are
related to the normal contact pressure and hence depend on the
type of constraint enforcement. Beforehand, in order to come up
with a consistent formulation of the contact contributions, a kine-
matically exact enforcement of the normal contact condition was
adopted by assuming restricted function spaces. Alternatively,
the contact contributions for a penalty formulation of the normal
contact are derived. Subsequently, the contributions to the linear-
ized system due to the exact contact enforcement as well as due to
the penalty contact formulations are discussed and compared.2. System description using Hamilton’s Principle
In general, the dynamics of a system of elastic bodies may be
described by Hamilton’s Principle. This approach naturally offers
a weak formulation of the system and thus is a good basis for
the development of approximate solutions schemes. Furthermore,
in case of conservative systems, the principle assures symmetry of
the mass and stiffness operators.
The system under consideration may be described in terms of
the material reference frame as well as the spatial frame:
 In terms of the material (reference) frame, a body i will be
referred to by its set Bi of material points. The corresponding
differentials of volume or surface are given in capital letters,
i.e. dV and dA.
 If described in terms of a spatial frame, body i is identiﬁed by the
spatial volume Xi which it occupies instantaneously. Its spatial
surface is Ci and the differentials of surface and volume are
dv and da, respectively.
In the following, only small deformations between material
and spatial conﬁguration are assumed, thus yielding
da  dA and dv  dV .
For some applications, it is convenient to model not the entire
(closed) system, but only the particular part, that is within a spatial
subdomain A. As the system evolves in time, a momentum ﬂux
will cross the boundary oA of A and the portion of the system
within the observed domain A is denoted as an open system. As-
sume a body Xi: the portion within A is eXi ¼ Xi \A, its surfacea
Fig. 1. (a) Open systems: spatial subdomain, sections and surfaces of a body. (b) Tr(closure) is eCi ¼ oeXi and Fi ¼ eCi n Ci is the surface through which
mass and hence momentum crosses the boundaries (cf. Fig. 1a).
For such open systems, Hamilton’s Principle must be enhanced
by
dWM ¼ 
X
i
Z
Fi
.i ~v i  d~rið Þ~v i ~nFi da ð1Þ
which represents the variation of the momentum crossing the sys-
tem boundaries (Zwiers, 2007; McIver, 1973). Thus, the dynamics of
the system are given by
d
Z
t
eLdt þ Z
t
dWM þ dfWnp þ dfWC  d ePC dt ¼ 0 ð2Þ
plus essential boundary conditions on eC, where the tildes express
restriction of the particular quantity to the domain A. Hence, the
kinetic potential eL ¼ eT  eU is the difference of the kinetic and the
potential energies of the system’s portion withinA, dfWnp is the vir-
tual work of the non-potential forces and dfWC and d ePC are contri-
butions due to the contacts. Assuming linear elastic behaviour, the
contribution of the system members to the potential readseU ðelÞ ¼ 12Pi ReB i i    i    i dV , where i is the elastic tensor of the
i-th body.
The virtual work dfWnp of the non-potential forces may be split
into dissipation and other contributions, i.e. dfWnp ¼ dfWD þ dfWr .
Here, the dissipation of the i-th body due to damping is modelled
as
dfW ðiÞD ¼ dfW ðiÞD;oþdfW ðiÞD;i ¼ZeB i d~pi aið.i _~piÞdV 
Z
eB i d i   bi i    idV :
ð3Þ
The virtual work dfWr of the remaining non-potential forces in gen-
eral reads dWr ¼
P
md~rm ~Fm where d~rm is the virtual displacement
of the instantaneous material point of action of force ~Fm. It is
emphasized that the virtual displacement is the variation of~rm for
ﬁxed material coordinates at a ﬁxed instant of time, i.e.
d~rm ¼ d~rmjdt¼0;dX¼0. Although it may lead to confusion, this subtlety
is a genuine part of Hamilton’s Principle (Riemer et al., 1993) and is
a crucial detail when moving continua with non-material boundary
conditions are considered (e.g., Spelsberg-Korspeter, 2007; Riemer,
1985).
In the sum, the weak form of the system dynamics in A readsXn
i¼1
Z
eB i d~ri  .~ai  d i    bi i _ i þ i i
h i
 d~pi  a. _pi
n o
dV
 !
 deUr þ dfWr þ dWM þXn
i¼1
Xn
j¼iþ1
dW ðijÞC  dPðijÞC
 
¼ 0; ð4Þ
where~ai,~v i and ~ri are the absolute acceleration, velocity and position,
respectively, of particularmass particles of body i. In contrast, the vec-
tor ﬁeld~pi is not ﬁxed to speciﬁc particles; rather, it relates to the spa-
tial volume covered by body i. Moreover, general potential and non-
potential forces not yet considered are gathered in dUr and dWr ,
respectively. The last part of (4) involving the double-summation ac-
counts for the contact pairings in the system. In general, dPðijÞC ac-
counts for the normal contact between body i and j, while dW ðijÞCb
avelling string observed in a spatial frame as an example for an open system.
a b
Fig. 2. (a) Contact kinematics. (b) Gap function gðijÞn .
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contributions are discussed in detail within the following sections.
To classify possible solutions and variations, the function space
Si of admissible solutions~ri and the spaceVi of admissible varia-
tions (or weighting functions) d~ri are introduced according to
Si ¼ ~ri jWi~ri½  ¼ hif g; Vi ¼ d~ri jWi d~ri½  ¼ 0f g: ð5Þ
In particular, the space Si comprises all functions that fulﬁll the
geometric boundary conditions, whileVi contains all functions ful-
ﬁlling homogeneous geometric boundary conditions.
2.1. Normal contact
Consider a contact between two bodies i and j, where Xi and Xj
address the spatial placement of the material points and Ci ¼ oXi,
Cj ¼ oXj are the corresponding surfaces, which are the closures of
the setsXi,Xj. An entire body i including its surfaces is denoted by Xi.
The gap function
gðijÞn ð~riÞ ¼ min
~rj2Cj
k~rj ~rik 6 0; ~ri 2 Ci ð6Þ
(see Laursen, 2002) associates to a surface point~ri in Ci the negative
value of the (minimal) distance to the surface Cj and simulta-
neously identiﬁes its contact partner ~rj on Cj (cf. Fig. 2). Here, the
ﬁrst letter of the bracketed superscript indicates the body that car-
ries the surface, while the second letter is the target body. In the
limit gðijÞn ! 0, the gap function and its variation simplify to
gðijÞn ~rið Þ ¼  ~rj ~ri
  ~eðiÞn ¼ ~rj ~ri  ~eðjÞn ; dgðijÞn ~rið Þ ¼  d~rj  d~ri  ~eðiÞn ;
ð7Þ
where ~eðiÞn , ~e
ðjÞ
n are the outward unit surface normals in points
~ri and~rj (cf. Fig. 2a). If the contact may not open and remains
closed, the gap function can be interpreted as implicit bilateral
kinematic constraint equation.
2.1.1. Exact enforcement by restricted function spaces
One approach to the problem of enforcing the normal contact
constraint is to restrict the solution to appropriate function spaces,
which intrinsically do not allow for interpenetration of the bodies.a b
Fig. 3. (a) Illustration of admissible virtual displacements belongingVðijÞC¼: this space com
displacements belonging toVðijÞC	: relative motion within the contact takes places while th
tangential motion in the contact.In this approach, restriction means that the solutions ~ri, ~rj as
well as the variations d~ri, d~rj may no longer be freely chosen from
the corresponding unconstrained function spaces Si;j and Vi;j
according to (5). Moreover, they must belong to the spaces
S
ðijÞ
C  ðSi [SjÞ of solutions or VðijÞC  ðVi [VjÞ of variations of
constraint solutions, which simultaneously fulﬁll the normal con-
tact condition on both bodies i and j.
The corresponding function spaces are deﬁned as
S
ðijÞ
C ¼ ~ri;~rjjWi~ri½  ¼ hi; Wj ~rj
  ¼ hj; ~ri ~eðiÞn ¼~rj ~eðiÞn in CðijÞCn o;
ð8Þ
V
ðijÞ
C ¼ d~ri;d~rjjWi d~ri½  ¼ 0; Wj d~rj
 ¼ 0; d~ri ~eðiÞn ¼ d~rj ~eðiÞn in CðijÞCn o:
ð9Þ
If the solutions and the variations are chosen according to
f~ri ~rjg 2SðijÞC and fd~ri d~rjg 2VðijÞC , the gap function and its varia-
tion will identically vanish gðijÞn  0! dgðijÞn  0. Thus, there is obvi-
ously no need to include additional terms to enforce the normal
contact and so
PðijÞC;I ¼ const and hence dPðijÞC ¼ 0: ð10Þ
For further considerations it will turn out to be useful to distin-
guish between subspaces of VðijÞC . An obvious classiﬁcation would
be to distinguish between variations that allow for relative dis-
placements of contacting surface points and those that do not.
Hence, pairs of variations d~ri; d~rj that have equal projections onto
the tangential plane T, i.e. d~ri T ¼ d~rj T are collected in
V
ðijÞ
C¼ ¼ d~ri; d~rj
  2VðijÞCn dgðijÞn ¼ 0 ^ d~rj  d~ri	 

T ¼ 0 in CðijÞC
o
 SðijÞC ð11Þ
(cf. Fig. 3a). The remaining elements of VðijÞC are function pairs,
which do allow for relative tangential variations. They can be di-
vided into pairs of variations with a non-vanishing normal part
(cf. Fig. 3b), i.e.
V
ðijÞ
C	 ¼ d~ri; d~rj
  2VðijÞCn d~rj ~eðiÞn ¼ d~ri ~eðiÞn –0 ^ d~rj  d~ri	 

T–0 in CðijÞC
o
SðijÞC ð12Þc
prises functions that do not allow for relative motion within the contact. (b) Virtual
e contact itself moves. (c)VðijÞC contains virtual displacements which only allow for
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displacements within the contact surface (Fig. 3c)
V
ðijÞ
C ¼ d~ri; d~rj
  2VðijÞCn d~rj ~eðiÞn ¼ d~ri ~eðiÞn  0 ^ d~rj  d~ri	 

T–0 in CðijÞC
o
SðijÞC : ð13Þ
The union of all of these subspaces yields the entire space of re-
stricted variations
V
ðijÞ
C ¼VðijÞC¼ [VðijÞC	 [VðijÞC: ð14Þ
Assuming linear elasticity, the normal stress rðijÞn at the surface
can be calculated from the strain ﬁeld of one of the contacting
bodies as
rðijÞn ¼ rðjiÞn ¼~e ðiÞn  i   i þ i  
_
i
 
~e ðiÞn : ð15Þ
If effects like adhesion and magnetism are neglected, the contact
tension in the closed contact must be negative; thus, for gðijÞn ¼ 0,
the inclusion rðijÞn 2 ½0;þ1½ holds (cf. Fig. 4a).
2.1.2. Penalty approach
The penalty approach is widely used for contact analyses with
FE-codes, for instance, so it will be addressed here as well. It can
be interpreted as a regularization of the kinematic constraint, thus
allowing for interpenetrations and replacement of the reactive
forces arising from the constraint enforcement by active forces
(cf. Fig. 4b). Beyond this rather technical interpretation, the penalty
approach is commonly interpreted as constitutive contact law, as it
expresses physical microscale properties, such as ‘‘contact stiff-
ness” and ‘‘contact damping” (Willner, 2003; Wriggers, 2006).
In order to formulate the penalized problem, one may add a
contact potential PðijÞC;P , which is an integral measure of penetration
gðijÞn P 0 within the contact area. For instance, one may choose
PðijÞC;P ¼
1
2
Z
CC
kp max 0; gðijÞn
	 
2
da ð16Þ
and hence
dPðijÞC;P ¼
Z
CC
kpdgðijÞn max 0; g
ðijÞ
n
	 

da; gn P 0; ð17Þ
where kp is a penalty parameter (cf. Fig. 4).
Motivated by the structure of the virtual work term in Eq. (17),
kp is usually interpreted as contact stiffness and hence is associated
with the micromechanical properties of the contact layer. Conse-
quently, the normal tension is usually expressed as
rðijÞn ¼ kp max 0; gðijÞn
	 

: ð18Þ
Here, the negative sign has been introduced in order to keep to the
convention that, for compressive contact stresses, rðijÞn < 0 holds.
This result emphasizes that, for penalty formulations, the contacta b
Fig. 4. Contact stress rðijÞn in dependence of the gap function gðijÞn . (a) For
kinematically exact contact formulation: if contact is established, gðijÞn  0 holds
and rðijÞn 2 ½0;þ1. (b) For penalty formulation the contact stress rðijÞn is a function
of the penetration gðijÞn P 0.tension is an active force quantity instead of a reactive (constraint)
force as for kinematically exact contact.
In contrast to (15), Eq. (18) does not account for dissipative
inﬂuences in the contact. This inﬂuence can be incorporated by
an intuitive extension of (18) that yields the normal contact stress
rðijÞn ¼  kpgðijÞn þ dp _gðijÞn
	 

; gðijÞn P 0: ð19Þ2.2. Friction forces
Assuming Coulomb friction in the contact zone CðijÞC , the sliding
friction vectors on both bodies may be expressed as
~tðijÞf ¼ ~tðjiÞf ¼ lðijÞ rðijÞn
 ~eðijÞf ¼ lðijÞrðijÞn ~eðijÞf ; ð20Þ
where~eðijÞf is the direction of the friction force on i, lðijÞ is the kinetic
coefﬁcient of friction in CðijÞC and jrðijÞn j ¼ rðijÞn for rðijÞn 6 0 has been
used. Although it is known that lðijÞ may depend on various system
variables such as local temperature, relative speed of contacting
points, etc., within this contribution it is assumed to be constant
within the entire contact zone.
Assuming kinematically ideal contact of both surfaces, the tan-
gential planes T1 ¼T2 ¼:T coincide at every contact point and
the corresponding surface normals ~eðiÞn ¼ ~eðjÞn to both bodies are
collinear. The direction vector ~eðijÞf of the friction traction lies in
the common tangential plane to both bodies, i.e. ~ef 2TfCðijÞC g
and, hence, it is perpendicular to the normal vectors ~eðiÞn and ~e
ðjÞ
n
(cf. Fig. 6a). The tangential plane T is spanned by the vectors
~eðijÞf and ~e
ðijÞ
t ¼~eðiÞn 	~eðijÞf (cf. Fig. 5). The direction of the friction force
may be unambiguously expressed as
~eðijÞf ¼
~v j ~v i
j~v j ~v ij : ð21Þ
If the normal contact condition is implemented by a weaker for-
mulation (e.g., a penalty formulation) that allows for interpenetra-
tion of the surfaces, the normal vectors ~eðiÞn , ~e
ðjÞ
n on the contacting
surfaces no longer need to be collinear and so, in general, there is
not a single unique tangential plane (cf. Fig. 6b). However, due to
Newton’s third law, the friction tractions~tðijÞf and~t
ðjiÞ
f must be col-
linear and of opposite sense. Hence, it is necessary to ﬁnd a phys-
ically meaningful deﬁnition for the direction ~eðijÞf of the friction
tractions. Possible approaches include taking an average of the
individual tangent planes on the nominal body surfaces or choos-
ing one of the contact bodies as a master surface.
Up to here, no discretization has been carried out and the afore-
mentioned problems arise for the continuum formulation if weak-
ened contact formulations are used. In addition, the local contact
kinematics are also strongly related to the chosen discretization.
Therefore, this issue shall not be further discussed here – more de-
tails can be found in Wriggers (2006) and Willner (2003).
In the following, it is assumed that the error arising from possi-
ble non-conformity of the contacting surfaces is small. Therefore,
Eq. (21) is an appropriate expression for the direction of the frictiona b
Fig. 5. (a) General local contact kinematics on a body i. (b) Components for the
calculation of the virtual work of sliding friction.
a b
Fig. 6. Tangential planes in the contact. (a) Unambigous tangential planeT for ideal contact. (b) Due to ambiguity, penalty approaches allowing for interpenetration demand
for a physically sensible deﬁnition of the contact plane.
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the contact.
Summing of the virtual work contributions of the sliding fric-
tion in both contact faces (cf. Fig. 5) yields
dW ðijÞC ¼ dWiC þ dWjC ¼
Z
CðijÞ
C
lðijÞrðijÞn
~v j ~v i
j~v j ~v ij  d
~rj ~ri
 
da ð22Þ
with rðijÞn from Eq. (15) or (19).3. Representation in terms of a spatial reference frame
Eq. (4) describes the dynamics of the system in terms of the vec-
tor ﬁeld~ri ¼~riðX; tÞ and its material time derivatives, which refer to
particular mass particles X. For moving continua, however, a
description in terms of an explicitly spatial vector ﬁeld
~pi ¼~piðx; tÞ with x ¼ xðX; tÞ is favourable, since it allows for decou-
pling of spatial and temporal behavior and, thus, for discretization
schemes of Ritz-type ~p Pnk¼1~.kðxÞqkðtÞ. In order to reformulate
the equations of motion (4), it is necessary to relate the time deriv-
atives of both vector ﬁelds.3.1. Time derivatives of vector ﬁelds
In many cases, the motion of an elastic body i can be decom-
posed into a prescribed transport motion ~bi, to which rather small
deformations ~ui of the elastic body are added. This transport mo-
tion accounts for the so-called rigid-body motion, which may often
be associated with the motion of essentially elastic bodies. For in-
stance, one may intuitively speak of the angular velocity of a disk
brake rotor or the transport velocity of a conveyor belt – although
they are elastic objects.
Hence, the position ﬁeld of body i in terms of material coordi-
nates X ¼ ðX1;X2;X3Þ>i reads ~riðX; tÞ ¼~biðX; tÞ þ~uiðX; tÞ where the
matrix X addresses a particular material point of body i.
Analogously, the corresponding material time derivatives may
be decomposed as ~v iðX; tÞ ¼ ~v i;T þ~v i;rel and ~aiðX; tÞ ¼~ai;T þ~ai;rel.
Here, the contributions arising from the transport motion are
given bya b
Fig. 7. Coordinate frames and decomposition of motion. (a) Transport motion: rigid bod
dependent spatial position (coordinates x). (b) Deformation of the continuum.~v i;T ¼ oot
~biðX; tÞ ¼ ddt

X
~biðX; tÞ and ~ai;t ¼ o
2
ot2
~biðX; tÞ ¼ d
2
dt2

X
~biðX; tÞ:
ð23Þ
Within this contribution, the spatial vector ﬁelds are addressed
by the spatial coordinate matrix x, which refers to the spatial posi-
tion of the undeformed body after the transport motion and before
application the continuum deformation (cf. Fig. 7 or the example in
Section 4.1). This approach may be interpreted in two alternative
ways:
 For many applications, the deformation ﬁeld j~uij 
 1 is much
smaller than the transport motion induced by ~bi. Thus, x are
Eulerian coordinates in the sense of a linearized formulation.
 Interpreting the decomposition ~ri ¼~bi þ~ui as a consecutive
sequence of motions, the conﬁguration after application of the
transport motion ~bi can be regarded as an intermediate refer-
ence frame. Therefore, x can be regarded as a coordinate belong-
ing to a spatial reference frame in the sense of an Arbitrary–
Lagrangian formulation (Stein et al., 2005). Here, x are Eulerian
coordinates of the intermediate conﬁguration.
Thus, the relation between the material coordinates X and the spa-
tial coordinates x are determined by the transport motion and read
~biðX; tÞ ¼~bi xðX; tÞð Þ ¼~bðxÞ: ð24Þ
For stationary transport motions, both sets of coordinates may be
related by
x ¼ Xþ vT t $ X ¼ x vTt ! x ¼ xðX; tÞ and X ¼ Xðx; tÞ:
ð25Þ
It shall be emphasized that vT is not a velocity in the sense of a
physical vector quantity; rather, it is a column matrix that gathers
the change rate of the coordinates, which is determined by the
transport motion (cf. examples in Section 4).
With these relations at hand, the velocity and acceleration ﬁelds
may be implicitly expressed as functions of the spatial coordinates
as ~v iðxÞ ¼ ~v iðxðX; tÞ; tÞ and ~aiðxÞ ¼~aiðxðX; tÞ; tÞ.
Now, in order to develop a description that is explicitly given in
terms of spatial coordinates x, the vector ﬁeldy motion from an initial conﬁguration at rest (coordinates X) to a prescribed, time-
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is introduced, where ~bðxÞ is the spatial position addressed by the
spatial coordinates x and ~wi is the spatial displacement ﬁeld. Iden-
tifying ~piðx; tÞ with ~riðXðx; tÞ; tÞ yields ~biðxÞ þ ~wiðx; tÞ¼!
~biðXðx; tÞÞ þ~uiðXðx; tÞtÞ and hence ~wiðx; tÞ ¼~uiðXðx; tÞtÞ.
Both ﬁelds~ri and ~pi may be interpreted as follows:~ri describes
the spatial position of a speciﬁc particle of mass, which may be ad-
dressed directly as X or implicitly by Xðx; tÞ, while ~pi is the spatial
position of the volume belonging to the intermediate reference
coordinate x.
Differentiation of ~piðx; tÞ with respect to time must be done for
x ¼ const. On the other hand, with the relation ~w ¼ ~u and thus
_~pi ¼ ddt f~uiðXðx; tÞg one obtains
_~pi ¼ _~wi ¼ ~v i ~v i;T 
X
k
v ðiÞT;k
o
oxk
~wi: ð27Þ
The relation between the acceleration~ai of particles and the ﬁeld~pi
can be found analogously. Finally, the kinematic quantities~ri, ~v i, ~ai
of mass particles may be expressed in terms of a prescribed trans-
port motion ~bi and a spatial displacement ﬁeld ~wi ¼ ~wiðx; tÞ as
~ri ¼~pi ¼~bi þ ~wi; ~v i ¼ ~v i;T þ _~wi þ v>i ox ~wið Þ; ð28Þ
~ai ¼~ai;T þ €~wi þ 2v>i ox _~wi
 
þ v>i ox v>i ox ~wið Þ
	 
 ð29Þ
where the short-hand notation ox ¼ oox1 oox2 oox3
h i>
has been used.
With Eq. (28), the virtual displacement d~ri of a particle may be
expressed as
d~ri ¼ d~wi: ð30Þ
Since the rigid body motion due to~bi does not contribute to the
deformations of a body, the linearized strain tensor of the ith body
reads i ¼ 12 ½gradf~wig þ gradf~wig>. The corresponding time deriva-
tive will again be affected by the transport motion:
d
dt i
ðXðx; tÞ; tÞ ¼ o
ot i
 v>i ox i
	 

: ð31Þ3.2. Linearized equations of motion in spatial coordinates
With these relations at hand, the equations of motion (4) may
be rewritten in terms of the Eulerian vector ﬁeld ~piðx; tÞ and its
time derivatives _~pi, €~pi, which are calculated for ﬁxed x. Assuming
small deformations ~wi and a transport motion that does not induce
deformations of the bodies, the volume differentials in Lagrangian
and Eulerian representation are related by dV  dv .
In the context of stability analyses, perturbation equations
describing small motions about stationary solutions are necessary.
In the following, according to
~pi ¼~pi0 þ D~wi; _~pi ¼ D _~wi; . . . ð32Þ
small perturbations D~wi, D _~wi, . . . of the stationary solution
~pi0 ¼~bi þ ~wi0, _~pi0 ¼~0, . . . shall be studied. Please note that from
(30) and (32), it may be concluded that d~pi ¼ dD~wi ¼ d~wi.
Rewriting (4) in terms of the spatial vector ﬁelds ~pi, lineariza-
tion and subtraction of the unperturbed stationary solution even-
tually yieldsXn
i¼1
Z
Xi
d~wi  Mi D €~wi
h i
þ aiMi D _~wi
h i
þ 2PT;i D _~wi
h i
þ QT;i D~wi½ 
n o 
þ d i    bi Ki D _ i
h i
þ 1
.i
PT;i D i
  
dv þ D deUrn o
 D dfWrn o D dWMf g  D Xn
i¼1
Xn
j¼iþ1
dW ðijÞC  dPðijÞC
 ( )
¼ 0; ð33Þwhere
Mi½ ¼ .½; Ki½ ¼
i
 ½; PT;i½ ¼ .iv>i ox
o
ot
½
 
;
QT;i½ ¼ .iv>i ox v>i ox ½ð Þ
	 
 ð34Þ
are linear operators and D Ff g denotes the linearization operator ap-
plied on a functional F. For the considered linear boundary condi-
tions and for ~pi0 fulﬁlling the geometric boundary conditions, it is
found that the perturbations D~wi must fulﬁll vanishing geometric
boundary conditions. Hence, the solutions D~wi belong to the same
function space as the variations, i.e. fD~wi; d~wig 2Vi.
Frictional inﬂuences. The contribution due to the frictional con-
tacts depends on the chosen contact formulation and, hence, must
be discussed in more detail. The gap-function reads
gðijÞn ¼  ~pj ~pi
  ~eðiÞn ¼  ~p0j ~p0i  ~eðiÞn  D~wj  D~wi  ~eðiÞn
¼ gðijÞn0 þ DgðijÞn ; ð35Þ
where the relation ½~p0j ~p0i  D~eðiÞn ¼ 0 has been used.
The particular form of contact contribution depends on the cho-
sen contact formulation. In any case, assuming small vibrations
where j _~wj  _~wjj 
 j~v j;T ~v i;T j and rðijÞn ¼ rðijÞn0 þ DrðijÞn þ Oð2Þ, the
virtual work of the sliding friction simpliﬁes to
dW ðijÞC 
Z
CðijÞ
C
lðijÞrðijÞn0~e
ðijÞ
f0  d~wj  d~wi
 
da
þ
Z
CðijÞ
C
lðijÞ rðijÞn0D~e
ðijÞ
f þ DrðijÞn ~eðijÞf0
h i
 d~wj  d~wi
 
da
¼ dW ðijÞC0 þ D dW ðijÞC
n o
; ð36Þ
where
~eðijÞf0 ¼ const: and D~eðijÞf ¼
D _~wj  D _~wi þ v>j ox D~wj
	 
 v>i ox D~wið Þ
j~v j;T ~v i;T j :
ð37Þ
In some cases, it will be useful to decompose the modiﬁcation D~eðijÞf
of the unit vector of the friction traction into a part that lies in the
local tangential plane of the steady state conﬁguration and a part
that is perpendicular to it, hence
D~eðijÞf ¼ afn~eðiÞn þ D~eðijÞft where afn ¼ D~eðijÞf ~eðiÞn
 
;
D~eft ¼ D~eðijÞf  afn~eðiÞn : ð38Þ
From Eq. (36) it is obvious, that the linear contributions
DfdW ðijÞC g of the virtual work of the sliding friction consist of inﬂu-
ences due to the modiﬁcation D~eðijÞf of the direction vector of the
friction traction as well as the variation DrðijÞn of the value of the
normal contact tension. Hence, as the contacting bodies vibrate,
the spatial direction of the contact traction vectors changes due
to the modiﬁcation of the contour, whereas the contact normal
tension changes due to the elastic properties. Consequently, prob-
lems involving sliding friction between elastic bodies belong to the
class of follower force problems.
At this point of the discussion, it is obvious that stability analy-
ses of systems of elastic bodies with sliding friction contact will de-
mand mechanical models, which capture contact geometry as well
as contact tensions in an adequate way.
Further inﬂuences may arise if more sophisticated friction char-
acteristics are implemented, which may depend on various state
variables of the contact, such as the relative velocity or tempera-
ture. Such effects are not discussed here.
3.2.1. Exact formulations by restricted function spaces
If the stationary solutions fulﬁll the essential boundary condi-
tions and the normal contact condition according to ~pi0;~pj0 2SðijÞC ,
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fD~wi; D~wjg; fd~wi; d~wjg 2VðijÞC . In this case, no additional terms
accounting for the impenetrability condition need to be intro-
duced. Hence dPðijÞC;I  0 and DfdPðijÞC;I g  0.
The normal tension rðijÞn in the contact must be determined from
the elastic properties of one of the contacting bodies according to
Eq. (15). For small perturbations,
~pi ¼~pi0 þ D~wi; ~eðiÞf=n ¼~eðiÞf0=n0 þ D~eðiÞf=n; i ¼ i0 þ D i
¼ i0 þ gradD~wi þ gradD~w>i
	 

: ð39Þ
In the following it proves useful to decompose the modiﬁcation
D~eðijÞf of the friction direction vector into a normal and tangential
components with respect to the tangential plane T (cf. Fig. 8)
according to
D~eðijÞf ¼ D~eðijÞfn þ D~eðijÞft : ð40Þ
Furthermore, the boundary traction~si0 ¼
i
  0i ~eðiÞn0
 
of the steady
state conﬁguration is decomposed with respect to the local tangen-
tial coordinate system according to ~si0 ¼ rðijÞn0~eðiÞn0 þ s0~eðijÞf0 . With
~eðiÞn ¼~eðiÞf 	~eðiÞt Taylor expansion of ~eðiÞn yields
D~eðiÞn ¼ ~eðiÞf0 	 D~eðiÞt þ D~eðiÞf 	~eðiÞt
h i
ð41Þ
and analytical manipulations of Eq. (15) eventually yield
DrðijÞn  2lðijÞrðijÞn0D~eðiÞf ~eðiÞn0 þ~eðiÞn  i  D i ~e
ðiÞ
n þ~eðiÞn0  bi i
  D _ i þ v>i ox D i
	 
  ~eðiÞn0: ð42Þ
Since the vector ﬁelds of the contacting bodies a priori fulﬁll the
kinematic normal contact condition, dgðijÞn ¼ ½d~wj  d~wi ~eðiÞn  0
and thus D~eðijÞf  ½d~wj  d~wi ¼ D~eðijÞft  ½d~wj  d~wi holds.
Hence, Eq. (36) yields
D dW ðijÞC
n o
¼
Z
CðijÞ
C
lðijÞ rðijÞn0D~e
ðijÞ
ft þ DrðijÞn ~eðijÞf0
 
 d~wj  d~wi
 
da: ð43Þ
Introduction of the linearized quantities into (36) and subtrac-
tion of the steady-state part dW ðijÞC0 yields the linearized virtual
work expression of the sliding friction
D dW ðijÞC
n o
¼
Z
CðijÞ
C
d ~wj  ~wi
   RðijÞ1 D _~wj  D _~wih iþRðijÞ2 D~wj 
RðijÞ2 D~wi½  þRðijÞ3 D~wi;D~wj;D _~wi;D _~wj
 
þRðijÞ4 D i
 
þRðijÞ5 D
_
i;D i
 
da; ð44Þ
where the linear differential operators
R
ðijÞ
1 ½  ¼
lðijÞrðijÞn0
j~v j;T ~v i;T j ½ ; R
ðijÞ
2 ½  ¼
lðijÞrðijÞn0
j~v j;T ~v i;T jv
>ox ½ ; ð45Þa b
Fig. 8. On contact kinematics and virtual work of sliding friction for the kinematically exa
the tangential plane. (c) Draft of the normal contact situation for kinematically exact coR
ðijÞ
3 D~wi;D~wj;D
_~wi;D _~wj
 
¼ 2 lðijÞ	 
2rðijÞn0 afn D~wi;D~wj;D _~wi;D _~wj ~ef0;
ð46Þ
R
ðijÞ
4 ½  ¼ lðijÞDrðijÞn ð Þ~ef0 ¼ lðijÞ ~eðiÞn0  i    ½  ~e
ðiÞ
n0
 
~ef0; ð47Þ
R
ðijÞ
5 ; ½  ¼ biRðijÞ4 ½  þ lðijÞbi~eðijÞf0  ~eðiÞn0  i   v
>ox ½  ~eðiÞn0
h i
; ð48Þ
with afn ¼ afnðD~wi;D~wj;D _~wi;D _~wjÞ ¼ D~eðiÞf ~eðiÞn0 and afn~eðiÞn 
½d~wj  d~wi ¼ 0 have been used. Please note that RðijÞ2 only applies
to bodies that are subject to transport motion. Moreover, for the
contact tension rðijÞn0 < 0 holds. Symmetry properties of the friction
operators are discussed in Section 3.3.2.
From Eqs. (44) and (45)–(48) it can be seen that the following
contributions inﬂuence the linear perturbation terms of virtual
work of the sliding friction:
 RðijÞ1 , RðijÞ2 , RðijÞ3 , which represent the in-plane part
lðijÞrðijÞn0D~e
ðijÞ
ft 2T of the variation of the friction traction vector
(cf. Fig. 8b). In particular, this contribution is weighted by
1=ðj~v j;T ~v i;T jÞ, so that, with a decreasing absolute value of the
relative speed between body i and j, it will increase in an anti-
proportional manner.
 RðijÞ4 , RðijÞ5 account for the variation of the normal contact tension
rðijÞn , which is dominated by the elastic properties expressed by
and further depends on the material damping b as well as the
transport motion and a small contribution due to the normal
modiﬁcation of D~eðijÞf (cf. Fig. 8c).
 Overall modeling: in any case it is absolutely necessary that the
mechanical model allows for unconstrained tangential motions
of the contacting surface points, i.e. ½d~wj  d~wi must not vanish.
3.2.2. Penalty formulation
Taylor expansion of dPðijÞC;P about the stationary solution and sub-
traction of the contributions due to the reference solution yields
the linearized normal contact contributionD dPðijÞC;P
n o
¼ kp
Z
CðijÞ
C
d ~wj  ~wi
    D~wj  D~wi da; ð49Þ
where ¼ ½ > ¼~eðiÞn ~eðiÞn is a symmetric tensor. According to Eq.
(19), linearization of the normal stress in the contact yields
DrðijÞn ¼ kp þ DgðijÞn þ dpD _gðijÞn . Furthermore, it is assumed that, despite
the interpenetration of the contacting bodies, ~eðijÞf 
~v j~v i
j~v j~v i j is still a
physically sensible expression of the direction of the friction trac-
tion (cf. Fig. 9c).
Insertion of this expression into expression (36) of the virtual
work of the sliding friction and subtraction of the steady part yieldsc
ct case. (a) Contributions to the virtual work of the friction forces. (b) Projection onto
ntact.
a b c
Fig. 9. On contact kinematics and virtual work of sliding friction for the penalty formulation. (a) Contributions to the virtual work of the friction forces. (b) Physical
interpretation of the compliance of the nominal surfaces of the bodies. (c) Ambiguity of the direction of the friction traction in case of compliance.
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n o
¼
Z
CðijÞ
C
lðijÞ kpDgðijÞn þ dpD _gðijÞn
	 

~eðijÞf0  d~wj  d~wi
 n
þlðijÞrðijÞ0 D~eðijÞf  d~wj  d~wi
 o
da: ð50Þ
Since dgðijÞn ¼ ½d~wj  d~wi ~eðiÞn –0, the contributions arising from
D~eðijÞfn do not drop from D~e
ðijÞ
f  ½d~wj  d~wi ¼
ðD~eðijÞft þ D~eðijÞfn Þ  ½d~wj  d~wi, as was the case in Section 3.2.1. Using
the limit in (7) and assuming kpD~wi=j  dpD _~wi=j one may write
D dW ðijÞC;P
n o
¼
Z
CðijÞ
C
lðijÞkp D~wj  D~wi
 þ dp
kp
D _~wj  D _~wi
h i 

ðijÞ
nf
d~wj  d~wi
 þ lðijÞrðijÞ0 D~eðijÞf  d~wj  d~wi da ð51Þ
with D~eðijÞf ¼ 1j~v j~v i j ðD
_~wj  D _~wj þ gradxD~wjvj  gradxD~wiviÞ and the
nonsymmetric tensor ¼~eðiÞn ~eðijÞf0 .
Using linear differential operators, the normal contact may be
stated as
D dPðijÞC;P
n o
¼
Z
CðijÞ
C
d ~wj~wi
 CðijÞPen D~wjD~wi da where CðijÞPen¼kp :
ð52Þ
Analogously, the frictional contact can be summarized as
D dW ðijÞC;P
n o
¼
Z
CðijÞ
C
d ~wj  ~wi
   RðijÞ1;Pen D _~wj  D _~wih i
þRðijÞ2;Pen D~wj
 RðijÞ2;Pen D~wi½ þRðijÞ3;Pen D~wj  D~wi 
þdp
kp
R
ðijÞ
3;Pen D
_~wj  D _~wi
h i
da ð53Þ
with
R
ðijÞ
1;Pen ½  ¼^ RðijÞ1 ½ ; RðijÞ2;Pen ½ ¼^ RðijÞ2 ½ ; ð54Þ
R
ðijÞ
3;Pen ½  ¼ kplðijÞ ½ ; ¼~eðijÞf0 ~eðiÞn –
h i>
: ð55Þ
In general, the structure of the frictional contributions is less com-
plicated than for the exact formulation using restricted solution
spaces. Formally, the operatorsRðijÞ1;Pen, R
ðijÞ
2;Pen have the same structure
as their counterparts for the exact formulation, albeit the contact
pressure rðijÞn0 in the steady state may differ. Furthermore, Eq. (53)
does not contain an equivalent to the operator RðijÞ3 .
The following points are summarized:
 Again, the contributions arising from frictional contacts depend
on the variation DrðijÞn of the normal tension in the contact and
on the variation D~eðijÞf of the spatial direction of the friction ten-
sion. This relationship is quite analogous to the results of Section
3.2.1. RðijÞ1;Pen,RðijÞ2;Pen: the inﬂuence of the variation D~eðijÞf of the spatial ori-
entation of the friction traction on the system is controlled by
the product of the friction coefﬁcient lðijÞ and the contact pres-
sure rðijÞn0 in the steady state. Furthermore, it is anti-proportional
to the absolute value of the relative speed j~v ðijÞrel j at the contact. In
contrast to Section 3.2.1, for the penalty formulation, the normal
part~eðijÞfn contributes to the virtual work as well.
 RðijÞ3;Pen: the inﬂuence of the variation DrðijÞn of the normal contact
tension on the system depends on the product of the penalty
parameter kp and the friction coefﬁcient lðijÞ. Hence, both param-
eters are of equal importance whenever correct calculations of
the frictional inﬂuences on the system are demanded. From this,
it can be concluded that kp may not be freely chosen with respect
to numerical aspects; rather, it must express the elastic proper-
ties of the contact layer in a physically meaningful way.
 It is remarkable that the inﬂuence of friction on the system
dynamics depends only on the properties kðijÞp , d
ðijÞ
p of the surface
layer, as the elastic and dissipative properties of the contacting
bodies do not inﬂuence the dynamics.3.3. Symmetry properties
As discussed above, the perturbations and the variations
(weighting functions) may be chosen from the same function
space, hence D~w; d~w 2V. Here, for the sake of brevity, the body
index i has been omitted. It is assumed that both ﬁelds shall be dis-
cretized in the sense of a Ritz approach as D~w ¼Pk ~Wkfk,
d~w ¼Pjdgj~Vj where ~WkðxÞ ¼ ~VkðxÞ are spatial ansatz functions ful-
ﬁlling the geometric demands of the function spaceV of admissa-
ble functions. Consequently, the corresponding strains read
D ¼Pk 12 ½grad~Wk þ grad> ~Wkfk and d ¼Pjdgj 12 ½grad~Vjþ
grad>~Vj.
3.3.1. Moving bodies
Introducing the ansatzes into the weak formulation of the sys-
tem will give rise to sums of scalar products sjk of the form
sjk ¼
R
X dgj
~Vj  ~Wkgkdv . Since the symmetry properties with respect
to the spatial ansatz function are of interest, the unknown func-
tions fk and dgj are dropped. To shorten further considerations,
the short hand notation
~a;~b
D E
¼
Z
X
~a ~bdv ð56Þ
is introduced and the indices k and j are omitted. Herewith, one may
readily show that the mass and the stiffness operators are symmet-
ric with respect to the spatial ansatz functions, i.e.
~V ;M ~W
h iD E
¼ ~W;M ~V
h iD E
and ~V ;K ~W
h iD E
¼ ~W;K ~V
h iD E
:
ð57Þ
a b c
Fig. 10. Examples of boundary conditions that cause PT to be a purely gyroscopic operator, i.e. PT ¼: G ¼ G>: in each case the difference between the displacements of the
boundaries vanishes.
a b
Fig. 11. Boundary conditions where PT–P>T is not a purely gyroscopic operator: in both examples, the difference between the displacements of the boundaries generally
does not vanish.
a b
Fig. 12. Boundary conditions yielding a symmetric operator KT . In both cases, the product of displacement and slope vanishes simultaneously at both boundaries: (a)
vanishing displacement and (b) vanishing slope.
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be summarized as follows:
The operator PT : integrating by parts readily yields
~V ;PT ~W
h iD E
¼
X3
k¼1
Z
X
o
oxk
vT;k~V  ~W
h i
dv
Z
X
~W vT;k ooxk
~Vdv
 
ð58Þ
¼RP ~W;PT ~V
h iD E
: ð59Þ
Introduction of the abstract quantity ~a ¼PkvT;kð~VðxÞ  ~WðxÞÞ~ek ¼P
kak~ek, yields RP ¼
R
X
P
k
o
oxk
ak dv ¼
R
X div~adv and, hence, applica-
tion of the divergence theorem yields
RP ¼
Z
C
ð~VðxÞ  ~WðxÞÞ~vT ~nda ð60Þ
reveals that RP expresses inﬂuences of the boundary conditions on
C.
In general, the operator PT ½  is neither symmetric nor antimet-
ric. It will be skew-symmetric if RP ¼! 0 holds. In this case, PT is
called gyroscopic and is usually denoted by G :¼ PT .
Consider the illustrative example of a prismatic continuum that
is moving along the x-direction with the transport velocity
v = const. (cf. Fig. 10). The spatial region of interest is the interval
X ¼ fxjx 20; L½g with the boundaries C ¼ fxjx ¼ 0; x ¼ Lg. For this
example, PT is a gyroscopic operator if the condition
RP ¼ Að~VðLÞ~WðLÞ  ~Vð0Þ~Wð0ÞÞv ¼! 0 is fulﬁlled, where A is the
cross-section area at the boundaries. This condition will be ful-
ﬁlled, for instance, if
 the continuum is led by ﬁxed guides at the boundaries and,
hence, ~Vð0Þ ¼ ~0, ~VðLÞ ¼ ~0 holds (cf. Fig. 10a);
 if the displacements of the boundaries are coupled, such that
~Wð0Þ ¼ ~WðLÞ holds. This can be due to a rigid connection (cf.
Fig. 10b) or due to periodicity of the structure with xðLÞ ¼ xð0Þ
(cf. Fig. 10c).Examples where PT–P>T is not skew-symmetric are outlined
in Fig. 11.
The operator QT: the evaluation of symmetry properties of QT
demands slightly more effort. Eventually, integration by parts
yields from (34)
~V ;QT ~W
h iD E
¼
X
k
X
‘
vT;kvT;‘
Z
X
o
oxk
~V  o
ox‘
~W  o
ox‘
~V  ~W
 
dv
þ ~W;QT ~V
h iD E
ð61Þ
¼ RQ þ ~W;QT ~V
h iD E
: ð62Þ
Hence, if the term RQ vanishes, QT will be a symmetric operator
and is denoted by KT ¼ QT ¼ Q>T . Once again, after application of
the divergence theorem, this condition reads
RQ ¼
X
‘
vT;‘
Z
C
~V  o
ox‘
~W  o
ox‘
~V  ~W
 
~vT ~nda¼! 0: ð63Þ
Obviously, this condition will be fulﬁlled if either the displacement
or its derivative vanishes at the boundaries, or if the deﬂections and
derivatives at the boundaries are appropriately coupled, e.g., due to
periodicity of the structure.
Again, the simple example of a prismatic continuum that is
transported along the coordinate x with velocity v is considered
(cf. Fig. 10). For this case, Eq. (63) simpliﬁes to
RQ ¼ Av2 ~VðLÞ oox
~WðLÞ  o
ox
~VðLÞ~WðLÞ
 
 ~Vð0Þ o
ox
~Wð0Þ  o
ox
~Vð0Þ~Wð0Þ
 
¼! 0: ð64Þ
Two typical examples fulﬁlling this condition are presented in
Fig. 12.
a b
Fig. 13. Rotating Kirchhoff plate. (a) Material reference frame. (b) Intermediate spatial reference and ﬁnal conﬁguration.
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In the following, the symmetry properties of the frictional con-
tributions with respect to the spatial ansatz functions shall be
examined. To this end, the shorthand notation
~a;~b
D E
C
¼
Z
CC
~a ~b da ð65Þ
will be used.
Kinematic fulﬁllment of the normal contact. In this case,
DfdPðijÞC g  0 always vanishes identically and no further contribu-
tions arise from the normal contact condition.
As can be found from Eq. (44), solutions where the tangential
relative variation d~wj  d~wi  0 vanishes within CðijÞC will not con-
tribute to the system dynamics. Thus, if solutions and variations
are chosen from the same spaces, they must fulﬁll
d~wi; d~wj
 
; D~wi;D~wj
  2 VðijÞC	 [VðijÞC : ð66Þ
The symmetry properties of the friction operators R1; . . . ;R5
introduced by (45)–(48) can be summarized as follows:
 R1 is symmetric since
d~wj  d~wi
	 

;R
ðijÞ
1
d
dt
D~wj  D~wi
	 
  
C
¼ D~wj  D~wi
	 

; R1
d
dt
d~wj  d~wi
	 
  
C
ð67Þ
is obvious. Furthermore, R1 is positive deﬁnite.
 Likewise, it is obvious that
d~wj  d~wi
	 

;R
ðijÞ
2 D~wj
 D E
C
– D~wj; R2
d
dt
d~wj  d~wi
	 
  
C
ð68Þ
and hence RðijÞ2 is not symmetric and does not allow for particular
statements concerning deﬁniteness.
 Since the length afn ¼ jD~efnj of the normal component of the cor-
rection D~ef to the direction vector~ef0 of the friction traction will
strongly depend on the particular problem, general a priori
statements about the symmetry of RðijÞ3 are not possible.
 RðijÞ4 may not be symmetric since it applies to the tensor quantity
D i. Thus, the arguments of the scalar product hd~wi;R4½ iiC may
not be swapped since RðijÞ4 does not apply to the vector quantity
d~wi.
 RðijÞ5 is not symmetric since RðijÞ4 is not symmetric. Its contribu-
tion will be rather small since it is weighted by b
 1.
Penalty formulation. If a penalty formulation is chosen, the vari-
ations and solutions may be freely chosen from the function space
of admissible variations
d~wk;D~wk 2Vk; k ¼ i; j: ð69Þ
With respect to the virtual work expressions in (52), the properties
of the differential operators given in (52) and (54), (55) can be sum-
marized as follows: The differential operator CðijÞPen ½  ¼ kp ½  expressing the normal
contact enforcement is symmetric, i.e. ðd~wj  d

~wiÞ;CðijÞPen D~wj  D~wi
 iC ¼ ðD~wj  D~wiÞ; CðijÞPen d~wj  d~wi D EC , since
the tensor is symmetric.
 As for the kinematically restricted formulation, the operator
R
ðijÞ
1;Pen is symmetric while R
ðijÞ
2;Pen is not symmetric.
 The operator RðijÞ3;Pen ½  ¼ lðijÞ ½  is asymmetric since the tensor
is asymmetric.4. Examples
The following problems shall serve to exemplify the presented
results.
4.1. Moving continua in spatial coordinates: a rotating Kirchhoff plate
The simple example of a rotating Kirchhoff plate is discussed in
order to show that the description is only Eulerian with respect to
an intermediated conﬁguration and to demonstrate the effect of
the geometric boundary conditions onto symmetry of the differen-
tial operators.
Consider a circular Kirchhoff-plate of radius Rmax. In an initial
reference conﬁguration, material points on the neutral plane are
identiﬁed by the coordinates R and U (cf. Fig. 13a). The motion
of the plate comprises a rigid body motion of angular velocity X,
which relates the spatial reference coordinates after the rigid body
motion to the material reference by
r ¼ R and u ¼ UþXt: ð70Þ
Using this intermediate conﬁguration after the rigid body motion as
reference, the spatial ﬁeld wðr;uÞ denoting the perpendicular
deﬂection of the neutral plane is introduced and the spatial position
of a point of the neutral plane reads
~r ¼ r~erðuÞ þwðr;uÞ~ez and thus d~r ¼ dw~ez: ð71Þ
Eventually, the spatial volume differential dv reads
dv ¼ hrdrdu and, hence, evaluation of (33) yields the weak
formulationZ 2p
u¼0
Z Rmax
r¼0
dw €wþ 2X o
ou
_wþX2 o
2
ou2
w
 !
.hrdrduþ dUK ½w ¼ 0
ð72Þ
where dUK ½w is the variation of the elastic potential UK ½w of the
Kirchhoff-plate. Typical geometrical boundary conditions for the
considered example are wðr ¼ 0Þ ¼ 0 and w;rðr ¼ 0Þ ¼ 0.
Using the operators introduced in (34), the weak formulation
readsZ 2p
u¼0
Z Rmax
r¼0
dw M €w½  þ 2G _w½  þKT w½ ð Þhrdrduþ dUK ½w ¼ 0;
ð73Þ
a b c
Fig. 14. Example: moving string with an attached vertical oscillator. (a) Material coordinate S. (b) Sketch of the example system. (c) Detail of the contact.
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G ¼ G> and KT ¼K>T ð74Þ
due to the periodicity of the disc in the direction of the coordinate u
(cf. Section 3.3.1).
4.2. Moving continua with contacts
Two sample problems involving frictional contacts – a moving
string and a rotating disc – are used to investigate the most impor-
tant differential operators of contact. Moreover, the effect of con-
tact modeling on the system dynamics is addressed. To this end,
an inﬁnitesimal thin string and a thick string involving a more de-
tailed contact kinematics are compared.
4.2.1. Axially moving thin string and oscillator in frictional contact
To begin with, the simple example of a moving string with an
attached oscillator is examined (cf. Fig. 14b). Assume an intensile
string (density ., cross-section A), whose material points may be
addressed by the material arc length coordinate S (cf. Fig. 14a). This
string will be denoted as body 1.
The transport motion of the string within the spatial x–y-coor-
dinate system is described by ~b1ðtÞ ¼ ðvt þ SÞ~ex, where v is the
transport velocity. Thus, the transport motion relates material
and spatial coordinates by x ¼ vt þ S. It is assumed that the string
is led by two guides (distance L) that exert an axial preload force P
onto the string, which causes the prestress r ¼ P=A. It is assumed
that the string is inﬂuenced by mass-proportional dissipation
(coefﬁcient a) due to air drag.
At x ¼ a, the string slides through a bushing, which is vertically
guided. The contact between the bushing and the string exhibits
sliding friction, which may be described by the coefﬁcient of fric-
tion l. Furthermore, at x ¼ a, there is a vertically guided mass m,
which is referred to as body 2 and is connected to the bushing
by a massless spring (stiffness c).
The region of interest A is x ¼ 0; . . . ; L. Hence, the system is an
open system with mass ﬂux at x ¼ 0 and x ¼ L. As is easy to see,
additional contributions to Eq. (2) vanish, such that Eq. (4) may
be applied without any contribution arising from dWM .
The vertical displacement of the string is given by the spatial
ﬁeld wðx; tÞ, while the vertical position of the mass is denoted by
uðtÞ and the vertical position of the bushing is yc (cf. Fig. 14c).
Ideal contact. Accounting for the normal contact condition by a
priori restriction of the solutions, one may write
ycðtÞ¼! wðx ¼ a; tÞ ð75Þ
and, hence, the potential energy of the spring reads
UF ¼ c2 ðuwðaÞÞ2. The unit vectors of the local tangential frame to
the string at x ¼ a read
~eð12Þf ¼ 1~ex þw0~ey þ Oð2Þ; ~eð1Þn ¼ ~eð2Þn
¼ w0~ex þ 1~ey þ Oð2Þ: ð76Þ
Simple evaluation of (4) yields the virtual work termsZ L
x¼0
dw .A €wþ 2v.A _w0 þ .Av2w00
h i
þ dw .Aa _w½  þ dw0½Pw0
 
dx
 dwðaÞ c uwðaÞð Þ½  þ du m€uþ cðuwðaÞÞ½  ¼ D dW ð12ÞC
n o
ð77Þ
and the geometric boundary conditions wðx ¼ 0Þ ¼ 0, wðx ¼ LÞ ¼ 0.
As predicted by the considerations in Section 3.3.1, for these bound-
ary conditions, the operators PT and QT fulﬁll PT ¼ P>T ¼: GT ,
QT ¼ Q>T ¼:KT . Thus, after discretization, they will yield a skew-
symmetric gyroscopic matrix as well as a symmetric contribution
to the stiffness matrix of the system.
In general, the contribution of the linearized sliding friction
reads
D dW ð12ÞC
n o
¼ l wðaÞ  uð Þ~eð12Þf ~ex du dyc½ : ð78Þ
In this simple example, the contact described by Eq. (75) does not
allow for tangential relative motions in the contact zone since a
string of inﬁnitesimal width is considered (cf. Fig. 14). Hence
dyc  dwðaÞ and, thus, dW ð12ÞC  0. Therefore, the dynamics of this
example are not inﬂuenced by friction between the string and the
bushing.
To clarify further considerations, the dimensionless length n ¼ xL
and time s ¼ xt withx2 ¼ P
.AL2
are introduced. To simplify matters,
the abreviations ðÞ0 :¼ ddn, _ðÞ :¼ dds are used in the following. By intro-
duction of the dimensionless parameters
v ¼ v
Lx
dimensionless transport velocity ð79Þ
c ¼ c
P=L
dimensionless stiffness ð80Þ
m ¼ m
.AL
mass ratioðmasspoint to string between guidesÞ
ð81Þ
a ¼ a
x
damping parameter; ð82Þ
the non-dimensional virtual work expression readsZ 1
n¼0
dw €wþ 2v _w0 þ v2w00 þ dw a _wþ dw0w0 dn
 dwðaÞ c uwðaÞð Þ½  þ du m€uþ c uwðaÞð Þ½  ¼ 0 ð83Þ
and the boundary conditions become wðn ¼ 0Þ ¼ 0, wðn ¼ 1Þ ¼ 0. In
order to discretize the weak formulation (83), a Ritz ansatz of the
form wðn; tÞ Pnk¼1Ukqk is chosen, where UiðnÞ are spatial ansatz
functions obeying the kinematic boundary conditions. Using the
matrix notations w  Uq, w0  Unq, Eq. (77) eventually yieldsdq
du
 > U>U  0
0 m
" #
€q
€u
 
þ a U
>U
 
0
0 0
" #
_q
_u
 
þ v 2 U
>Un
 
0
0 0
" #
_q
_u
 (
ð84Þ
þ U
>
nUn
 þ v2 U>Unn  0
0 0
" #
þ cUðaÞ
>UðaÞ cUðaÞ>
cUðaÞ c
" # !
q
u
 )
¼0 ð85Þ
a b c
Fig. 15. Detailled contact model. (a) Tangential forces and virtual displacement of contact points on the string. (b) Friction forces and virtual displacements on the bushing. (c)
Forces on the upper and lower parts of the bushing.
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M€qþ aDþ vG½  _qþ Kq ¼ 0 ð86Þ
where M ¼M> > 0, D ¼ D> > 0, K ¼ Kðv2Þ ¼ K> and G ¼ G>.
This is a typical example of a gyroscopic system.M > 0 holds for
physical reasons and the damping aD is positive semi-deﬁnite for
a > 0. The trivial solution q0 ¼ 0 of the undamped system will be-
come unstable by divergence for v > vcrit ¼ 1 since K ¼ KðvÞ looses
its positive deﬁniteness (cf. Huseyin (1978) for instance).
Penalty formulation. In order to enforce the normal contact in
the sense of a penalty formulation, the contact potential
PC ¼ kp2 yc wðaÞð Þ
2 ð87Þ
is introduced into (4). Usually, the penalty parameter kp is identiﬁed
with the microscopic contact stiffness. Here, the potential of the lin-
ear spring reads UF ¼ c2 ðu ycÞ2.
By introduction of the dimensionless parameters (79)–(82) and
the new parameter kp ¼ kpP=L expressing the dimensionless penalty
parameter, evaluation of Eq. (4) yieldsZ 1
n¼0
dw €wþ 2v _w0 þ v2w00 þ dw a _wþ dw0w0 dn
 dwðaÞ kp yc wðaÞð Þ
 þ du m€uþ c u ycð Þ½ 
þ dyc kp yc wðaÞ  c u ycð Þð Þ
 
¼ 0: ð88Þ
Please note that the virtual work of the friction forces again van-
ishes since the model does not allow for tangential virtual displace-
ments. The last line in (88) represents the force balance at the
contact point. Rearrangement of the expression yields
yc wðaÞð Þ ¼ c u ycð Þ=kp and in the limit kp !1
lim
kp!1
yc wðaÞð Þð Þ ¼ 0 ð89Þ
holds. Thus, for kp !1, the penalty formulation will give the same
results for the normal contact as the ideal contact (75).
Again, use of a Ritz-type ansatz yields the discretized weak
formulation
dq
du
dyc
264
375
>
U>U
 
0 0
0 m 0
0 0 0
264
375 €q€u
€yc
264
375þ a U
>U
 
0 0
0 0 0
0 0 0
264
375 _q_u
_yc
264
375
8><>:
þ v
2 U>Un
 
0 0
0 0 0
0 0 0
264
375 _q_u
_yc
264
375þ U
>
nUn
 þ v2 U>Unn  0 0
0 c c
0 c c
264
375 qu
yc
264
375
þkp
UðaÞ>UðaÞ 0 UðaÞ>
0 0
UðaÞ 0 1
264
375 qu
yc
264
375
9>=>;¼ 0: ð90ÞHence, the equations of motion read
M€qþ aDþ vG½  _qþ Kþ kpKc
 
q ¼ 0; ð91Þ
where M ¼M> P 0, D ¼ D> P 0, K ¼ Kðv2Þ ¼ K>,
Kc ¼ K>c and G ¼ G>. Since M is only positive semi-deﬁnite, Eq.
(91) represents a differential-algebraic equation (DAE) demanding
for special approaches if numerical solutions shall be calculated.
However, it is emphasized that the appearance of a DAE is due to
the model assumption of a massless bushing and is not intrinsically
related to the penalty contact formulation.
4.2.2. Axially moving thick string with friction
As was found in the ﬁrst example, the dynamics of an inﬁnites-
imally thin string are not affected by friction since the model does
not allow for relative tangential motions between the contacting
bodies. Thus, this aspect shall be improved by a more detailed con-
tact model, which is inspired by approaches used in the modeling
of ultrasonic motors (Storck, 2003) or friction induced vibrations
(Hochlenert et al., 2007).
Ideal contact. At this point, it is possible to predict the structure
of the frictional contribution for the kinematically ideal contact:
 Since a plain model is considered, there will be no in-plane mod-
iﬁcation D~eft of the friction force direction. Thus, the friction
operators R1, R2 and R3 will not contribute to dynamics of
the considered system.
 The model does not account for internal damping of the contact-
ing bodies, i.e. b1 ¼ b2 ¼ 0 and thus R5 ¼ 0.
 The only frictional contribution will arise from R4, which
expresses the virtual work done by the friction force due to
the alternation of the normal force in conjunction with the vir-
tual displacement of the surface points.
The basic modiﬁcation of the model is consideration of the
thickness h of the string. Furthermore, the normal hypothesis
known from Euler–Bernoulli beam theory or Kirchhoff plate theory
is introduced, stating that cross-sections of the string remain plain
and perpendicular to the neutral ﬁbre. Using this assumption, the
virtual displacements d~rð1Þþ, d~rð1Þ of surface points belonging to
the cross-section at the position x ¼ a on the neutral ﬁbre read
d~rð1Þþ ¼ dw0 h
2
~ef þ dw~ey and d~rð1Þ ¼ dw0 h2~ef þ dw~ey; ð92Þ
where the superscripts + and  refer to the upper and lower surface
of the string (cf. Fig. 15a). To simplify matters and keep the focus on
the essential effects, the horizontal displacements
Dþ= ¼  h
2
w0ðaÞ 
 1 for w0ðaÞ 
 1 ð93Þ
of the surface points due to the tilt of the cross-section are ne-
glected and thus (92) is used as virtual displacement of the contact
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be found in Hochlenert et al. (2007).
The virtual displacements of the upper and lower contact points
on the bushing read
d~rð2Þþ ¼ dw~ey; d~rð2Þ ¼ dw~ey: ð94Þ
It is assumed that the loading of the bushing due to the spring is
symmetrically applied on both contact points, i.e. F ¼ c2 ðwðaÞ  uÞ.
Thus, the contact normal forces in the y-direction for w0ðaÞ 
 1
read
Nþ ¼ N0 þ c2 wðaÞ  uð Þ  s
þw0 þ Oðw02Þ; N
¼ N0  c2 wðaÞ  uð Þ þ s
w0 þ Oðw02Þ ð95Þ
where N0 denotes the preload force in the linearization point. For
Coulomb friction and lw0ðaÞ 
 1, the friction forces read
sþ  lN0 þ l c2 wðaÞ  uð Þ; s
  lN0  l c2 wðaÞ  uð Þ: ð96Þ
Therewith, the virtual work of the contact forces reads
dW ð12ÞC ¼sþ~ef  d~rð2Þþ  d~rð1Þþ
 þ s~ef  d~rð2Þ  d~rð1Þ  ð97Þ
¼  lch
2
wðaÞ  uð Þdw0ðaÞ ð98Þ
where ~ef ~ey ¼ 0 has been used. Obviously, the steady state does
not contribute to the virtual work of the friction forces, thus
dW ð12ÞC0 ¼ 0 and, hence, the linear frictional terms read
D dW ð12ÞC
n o
¼ lch
2
wðaÞ  uð Þdw0ðaÞ: ð99Þ
As was expected, the inﬂuence of the friction forces on the dynam-
ics of the system is controlled by the product of the friction coefﬁ-
cient l, the stiffness c perpendicular to the contact and the
thickness h of the string. Analogous results arise in the analysis of
disc brake squeal (cf. Hetzler (2008) for instance).
Incorporating (99) into Eq. (77) and again introducing the
dimensionless time s, position n and the dimensionless parameters
(79)–(82) eventually yields the weak formulationZ 1
n¼0
dw €wþ 2v _w0 þ v2w00 þ dw a _wþ dw0w0 dn
 dwðaÞ c uwðaÞð Þ½  þ du m€uþ c uwðaÞð Þ½ 
¼ 1
2
lch wðaÞ  uð Þdw0ðaÞ: ð100Þ
Again introducing the Ritz discretizations w  Uq and w0  Unq
yields the discretized approximation of the linearized friction forces
D d W ð12ÞC
n o
 1
2
lchdq> U>n ðaÞUðaÞqU>n ðaÞu
  ð101Þ
and thus the discretized virtual work expression reads
dq
du
 > U>U  0
0 m
" #
€q
€u
 
þ a U
>U
 
0
0 0
" #
_q
_u
 (
þ v 2 U
>Un
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0
0 0
" #
_q
_u
 
þ U
>
nUn
 þ v2 U>Unn  0
0 0
" #
q
u
 
þ cUðaÞ
>UðaÞ cUðaÞ>
cUðaÞ c
" #
q
u
 )
¼ lch dq
du
 > 1
2UnðaÞ>UðaÞ>  12UnðaÞ>
0 0
" #
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
¼:R4
q
u
 
: ð102Þ
By decomposing the matrix R4 into symmetric and antimetric con-
tributions according to R4 ¼ K4 þN4, the equations of motion may
be expressed in the formM€qþ aDþ vG½  _qþ Kþ lchK4
	 
þ lchN4 q ¼ 0: ð103Þ
Obviously, the inﬂuence of the circulatory matrix N is controlled by
the product p ¼ lch.
Since, in frictional systems, N is the main cause for the appear-
ance of ﬂutter-type instabilities, p can be interpreted as a control
parameter that rules the stability behavior with respect to fric-
tional vibrations.
Due to the presence of the gyroscopic matrix G and the circula-
tory matrix N, this is a gyroscopic circulatory system (Ziegler,
1977) that is known to exhibit a complex stability behavior involv-
ing divergence and ﬂutter instabilities. In particular, damping and
gyroscopic inﬂuences may strongly alter the stability border of
ﬂutter instability. Prominent examples include destabilizing effects
of damping and the fact that undamped gyroscopic-circulatory sys-
tems are almost sure unstable. Further details may be found in Zie-
gler (1977), Huseyin (1978), Herrmann and Jong (1965), Kirillov
(2007), Karapetjan (1975) and Lakhadanov (1975).
Penalty formulation. For the penalty formulation, the following
expectations can be formulated on the basis of the frictional oper-
ators introduced by Eq. (53):
 Since a plain model is considered, there will be no in-plane mod-
iﬁcation D~eft of the friction force direction. Thus, the friction
operatorR1;Pen will not contribute to the dynamics of the consid-
ered system.
 Since the damping of the contact layer is not considered (i.e.
dp ¼ 0), the operator R2;Pen ¼ 0 vanishes.
 Eventually, the only frictional contribution will arise from R3;Pen,
which expresses the virtual work done by the friction force due
to the alternation of the normal force in conjunction with the
virtual displacement of the surface points. As predicted by Sec-
tion 3.3, this contribution will yield non-symmetric terms.
To simplify matters, the following considerations refer to the
system dynamics given by Eq. (88) which is extended by the line-
arized frictional inﬂuences DfdW ð12ÞC;Peng. In principle, the latter is for-
mulated in a manner similar to that in the previous section.
However, since a penalty formulation is used, the normal force
(cf. Eq. (95)) at the upper and lower contact reads
Npen ¼ N0  kp2 wðaÞ  ycð Þ þ sPenw0 þ Oðw02Þ and thus
spen  lN0  l
kp
2
wðaÞ  ycð Þ: ð104Þ
Hence, the linearized virtual work of the friction forces for a penalty
formulation (cf. 98)
D dW ð12ÞC;Pen
n o
¼ lkph
2
wðaÞ  ycð Þdw0ðaÞ: ð105Þ
Adding this to the virtual work expression (53) with penaltized
enforcement of the normal contact and introduction of the dimen-
sionless parameters used before yieldsZ 1
n¼0
dw €wþ 2v _w0 þ v2w00 þ dw a _wþ dw0w0 dn
 dwðaÞ kp yc wðaÞð Þ
 þ du m€uþ c u ycð Þ½ 
þ dyc kp yc wðaÞ  c u ycð Þð Þ
 þ dw0ðaÞlkph
2
wðaÞ  ycð Þ ¼ 0:
ð106Þ
Eventually, discretization as before yields the contribution
dq
du
dyc
264
375
>
R3;Pen
q
u
yc
264
375¼ lkph dqdu
dyc
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375
> 1
2UnðaÞ>UðaÞ 0  12UnðaÞ>
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0 0 0
264
375 qu
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9>=>;
ð107Þ
Fig. 16. Radially guided particle on a rotation disc.
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R3;pen ¼ K3;pen þN3;pen, the equations of motion linearized about
the trivial solution have the structure
M€qþ aDþ vG½  _qþ Kþ kpKc þ lkphK3;pen
	 

þlkphN3;pen

q ¼ 0: ð108Þ
Again, the product p ¼ lkph controlling the inﬂuence of the circula-
tory terms is clearly visible. However, if a penalty formulation is
used, the control parameter p linearly depends on the penalty
parameter kp.
This ﬁnding emphasizes the aforementioned necessity of choos-
ing physically meaningful values for the stiffness of the contact
layer. In particular, the convergence of the penalty solution to that
of the kinematically ideal formulation for kp !1 will obviously
yield incorrect results.
4.2.3. Radially sliding particle on a rotating disc
In order to demonstrate the inﬂuence of the frictional operator
R1, which accounts for changes in the direction of the friction
forces, the simple example of a particle on a rotating disc is consid-
ered (cf. Fig. 16).
The example comprises a particle of massm that is pressed onto
a rotating disc by the normal force N. The disc rotates with the
angular speedX. The contact between the mass and the disc exhib-
its friction that is described by the coefﬁcient of friction l. Further-
more, the mass is connected to the ﬁxed environment by a radial
spring of stiffness c, which is tensionless at r ¼ r0. In order to keep
matters simple, the mass is guided and may only move in the radial
direction. Only small displacements Dr about the steady state r0
will be considered.
In terms of polar coordinates, the relative velocity between the
disc and the mass reads ~v rel ¼ Xðr0 þ DrÞ~et  D_r~er and thus the rel-
ative virtual displacement ½d~rD  d~rm between disc and mass is
d~rD  d~rm½  ¼ dðDrÞ~er ¼ dr~er : ð109Þ
Hence, for Xr0  _r, the unit vector of the friction force direction
reads
~ef ¼ 1þ Drr0
 
~et  1Xr0 D
_r~er : ð110Þ
The friction force on the mass reads~R ¼ lN~ef and therewith the vir-
tual work of the friction forces on the system reads
dWC ¼  NXr0 D
_r~er ~er dr ¼  NXr0 D
_rdr: ð111Þ
Introduction of this virtual work of the sliding friction into the gen-
eral system dynamics (33) yields, for Xr0  D_r, the equation of mo-
tion in radial direction
mD€r þ lN
Xr0
D _r þ cDr ¼ 0: ð112Þ
This simple example outlines the ﬁnding that dissipative inﬂuences
on the dynamics of driven systems may only be understood if thedirection of the friction force is properly analyzed. Furthermore, it
is interesting to note that the damping of the radial motion due
to friction is anti-proportional to the revolution speed X and pro-
portional to D_r.
Some further examples and discussion on this effect can be
found in Storck and Moser (2004), Storck (2003) and Hochlenert
(2006).5. Conclusion and outlook
Within this article, a general framework for the description of
moving continua in terms of spatial coordinates is formulated.
Thereby, two methods of incorporating the normal contact condi-
tion are implemented, namely the rather abstract a priori restric-
tion of the solutions and the more common enforcement of the
kinematic constraint by means of a penalty function.
Referring to d’Alembert’s Principle in the form of Lagrange, the
ﬁrst approach avoids constraint forces and thus directly reveals the
fundamental dynamics of the system. The second approach, how-
ever, allows for easy application in the analysis of engineering
problems.
After linearizing the weak formulation of the system dynamics
about the steady state, the following general results are found:
 The description of moving continua in terms of spatial coordi-
nate frames gives rise to gyroscopic terms and to contributions
to the stiffness of the system. The symmetry properties of the
corresponding operators or matrices, respectively, depend on
the geometric conditions at the boundaries of the considered
spatial domain.
 Friction forces will only inﬂuence the dynamics of the system if
the model allows for relative tangential motions at the contact.
This ﬁnding implies the importance of appropriately describing
the contact kinematics, as is demonstrated by the examples in
Sections 4.2.1 and 4.2.2.
 For both contact formulations discussed in this article, the line-
arized friction contributions contain two main parts:
– One part arises from the linearized changes of the contact
normal pressure and thus the friction traction. In the case
of an ideal contact between two bodies, this normal contact
pressure is related to the elastic and dissipative properties
of the contacting bodies. However, if a penalty formulation
is used, only the local properties from this contact formula-
tion will inﬂuence the contact contributions. In both cases,
this friction contribution affects the system’s stiffness as well
as it’s damping.
– A second contribution arises from spatial variation of the
direction of the friction force. If the contact is ideal, this vec-
tor quantity is conﬁned to to the tangential plane in the con-
tact, whereas in the case of the penalty formulation, which
allows for some interpenetration, this vector may also have
components normal to the surfaces.In any case, this part con-
tributes to the damping of the system and is anti-propor-
tional to the relative velocity of the contacting bodies (cf.
example in Section 4.2.3).
 In many cases, the contributions from the variation of the con-
tact normal pressure are dominant. Recalling the necessity of
an adequate kinematical description of the contact situation
suggests that frictional contributions to the system behavior will
be ruled by the parameters controlling the contact forces in con-
junction with kinematic parameters. This fact is emphasized by
the examples in Section 4.2.2. For both contact formulations,
this parameter comprises a force parameter (stiffness) in con-
junction with a kinematic parameter.
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interpreted as a quantity with physical meaning if stability
problems involving frictional inﬂuences are discussed. With
respect to the normal contact, the penalty parameter kp may
be interpreted as a sheer numerical quantity, which will cause
the solution to tend to the exact solution of an ideal contact as
kp is tuned towards inﬁnity. However, if the penalty formulation
is used to express the contact normal pressure in a friction prob-
lem, the penalty parameter kp will inevitably inﬂuence the sys-
tem behavior and thus develop a physical meaning.
Depending on the contact formulation, the contributions stem-
ming from frictional inﬂuences can be summarized as follows:Cause Contact
typeIdeal
contactPenalty Inﬂuence onVariation of friction
direction D~ef R1 ¼ R>1 RPen;1 ¼ R>Pen;1 Damping rn0jv rel j R2–R
>
2 RPen;2–R
>
Pen;2 StiffnessR3–R
>
3 = Stiffness and
damping> >Variation of contact
pressure DrnR4–R4 RPen;3–RPen;3 Stiffnessð lcp=  lkpÞ R5–R>5 RPen;3–R>Pen;3 Stiffness and
dampingFor the sake of general validity, the considerations of this con-
tribution have been formulated on the continuum level without
relying on a particular discretization technique. However, in prac-
tical applications involving complex geometries, it will usually be
necessary to rely on ﬁnite-element-analyses for instance, which of-
fer many powerful methods for the treatment of contact problems.
On the basis of the results stated above, users may test and im-
prove contact algorithms of numerical codes if necessary.
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